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If {A,}: denotes the eigenvalues of the following regular Sturm-Liouville 
problem 
4 + {ha - q(x)> %I = 0, xE(O, 11, 
(1) 
u,(O) = U,(l) = 0, 
where p(x) E Cl(O, 1) and 
s o1 q(x) c-kc =0, (2) 
and {pn}T the eigenvalues corresponding to the case q(x) = 0, then Gelfand 
and Levitan [l] showed that 
f (&I - Pn) = - a-MO) + 4(l)% (3) 
1 
Halberg and Kramer [2] gave a different derivation of the above formula. 
They also corrected some errors in the original derivation of Gelfand- 
Levitan and obtained analogous formulas for more general boundary condi- 
tions. Other derivations and generalizations have also been discussed in the 
literature [3], [4]. 
In the present note, we shall give yet another very simple derivation of (3) 
which is based on a technique Minakshisundaram and Pleijel[5,6] introduced 
in connection with the study of asymptotic behavior of the eigenvalues of 
elliptic operators. This method has also been used in the study of inverse 
eigenvalue problems [7, 8, 91. 
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THE MINAKSHISUNDAF~AM-PLEIJEL METHOD 
The basic idea is to associate to the eigenvalue problem (1) the following 
boundary value problem of parabolic type: 
G, - a(x) G = G, , O<x<l, t>O 
G(x’ 1 x, 0) = 8(x - x’) (4) 
G(x’/O,t)=G(x’)l,t)=O 
where S is the Dirac delta function. 
It is easy to check that 
G(x’ 1 x, t) = ‘f e-‘%Jx’) u,(x) 
1 
(5) 
where (Us}: are the normalized eigenfunctions of (1). Now, if we consider 
the trace of G(x’ ! X, t), viz. 
9(t) = IO1 G(x’ 1 x’, t) dx’ (6) 
we shall show that it admits the following asymptotic expansion: 
1 
w = 2,1/2t1/2 - + + +lp(o) + 4(l)) + w9 t-to, (7) 
which, on account of (5), can also be written thus: 
t e--hnt = ’ ___ - ; + + {Q(O) + q(1)) + o(t3’2), 2,wtv t-+0. (8) 
In the derivation of the above formula we shall make use of the fact that q(x) 
is a differentiable function with zero mean. These conditions are actually 
too stringent and could be relaxed; nevertheless, they are certainly satisfied 
for q(x) = 0, in which case (8) reads: 
$ count =1 _ _ 2,wt1/2 ; + O(t”“>, t-+0. 
Subtracting (9) from (8), we deduce that 
f (&I - Pn) = - T&do) + 4(1)1. 
1 
(9) 
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ASYMPTOTIC EXPANSION OF Y(t) 
In our outline of the derivation of the Gelfand-Levitan formula, the only 
step which really needs to be examined is the asymptotic expansion (7) of 
s(t). Greiner [lo] has considered this question for parabolic operators of the 
form P + ii/&, where P is a general elliptic operator of order 2m defined on 
general manifolds in Rn. Usmg the theory of pseudodifferential operators, 
he has shown that 
g?(t) = ‘q”t-nw + 4~-(~-Wm + . ..) t ---f 0’. (11) 
However, in view of the simple nature of the problem at hand and for the 
sake of presenting a self-contained analysis we shall derive (7) anew without 
availing ourselves of Greiner’s results. 
To that effect let us consider the following boundary value problem 
r,, - t&x”) r = r, ) O<m<l, t>o, 
l-(x” 1 x, 0) = 6(x - X”), (12) 
I+” / 0, t) = r(x” 1 1, t) = 0. 
Note that the parabolic differential equation has constant coefficients. It is 
easy to obtain, say, by the method of images the following expression for 
r(x” 1 x, t): 
Qx” 1 x, t) = f @(x” 1 32 + 2/z, t) - 5 @(x” 1 - m -+ 2k, t), (13) 
h=--m h=--r 
where 
@(x” 1 x, t) = [exp{--tq(.r”) - (X - ~“)~,‘4t}]/2~~&r/~ (14) 
is the fundamental solution of (12) for the infinite domain. From the partial 
differential equations for G(x’ 1 X, C) and r(x” ] X, t - a) we can deduce the 
following integral equation: 
G(x’ 1 x”, t) - I+” 1 x’, t) 
1 c 
(15) 
=- k l {q(x) - q(x”)) G(x’ 1 x, u) - Q” 1 x, t - u) dx. 
‘0 ‘0 
We shall make use of the above integral equation to show that G(x’ / x’, t) 
and r(x’ 1 s’, t) are comparable for small t. We shall then be able to use the 
explicit expression for r(x’ 1 x’, t) in order to compute 9(t). 
Since we are only interested in the traces of G and r, let us set x” = X’ 
in (15). It is also convenient to introduce two new functions g and y as follows: 
G(x’ 1 x, u) = @(x 1 x’, u)g(x ( x’, a), 
r(x’ 1 x, t - u) = qx* 1 x, t - u) y(x” 1 x, t - u). (16) 
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From the theory of fundamental solutions of parabolic differential equations 
(cf. e.g. [ll, p. 821) we know that g(x / x’, t) and y(x 1 x’, t) are bounded 
functions for 0 < X, x’ < 1 and t > 0. Returning now to (15), we can write 
G(x’ ) x’, t) - l-(x’ 1 x’, t) 
,ytQ’“” t 
= - ___ Jo do jol {q(x) - q(d)} - exp [ - 2,wtw (17) 
Introducing a new variable of integration, 
x = x’ + 2&+/2(1 - a/ty, (18) 
and recalling that q(x) is differentiable, we deduce that 
G(x’ 1 x’, t) - P(x’ ) x’, t) 
u/t)1/2 
x ~%(X’ 1X’s 0) y(X’ 1 X’, t- u) [l + O(tl/2)] d[. (19) 
Performing the k-integration and then an integration over x’, we get: 
I ’ {G(x’ 1 x’, t) - F(x’ ) x’, t)) dx’ 0 
= [& s,’ d+(l - T)]~‘~ *.r,’ 9 
from which it is apparent that 
x’, t) dx’ + O(t8j2). (21) 
We point out at this stage that the same estimate could be obtained if the 
condition on the differentiability of q(x) is replaced by the requirement that 
q(x) be Lipschitz continuous. 
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The computation of the trace of r to O(t3/“) is further simplified by the 
fact that 
Iyx 1 x’, t) = CD@’ 1 x’, t) - @(x’ 1 -x’, t) - @(x’ 1 --x’ + 2, t) 
(22) 
+ O(t-l12e+lt 1 
where /3 > 0. 
Therefore 
s 
’ rtxr 1 xt, t) dxt _ 2d~2tl,2 lo1 {e-tp(z’) _ e-tQ(d-d*/t _ e-tq(x )-(l-z’)*/t) dx’
0 
he., 
+ O(t-1/2e-E/t), (23) 
I l l-(x’ 1 x’, t) dx’ 0 
1 p/2 1 
=2,1/2t1/2 
-- 
2rrr/s s o q(4 dx’ - ; + + {q(O) + q(1)) + W3’“>. 
(24) 
With the added assumption that q(x) has zero mean we obtain the asymptotic 
expansion given in (7). 
OTHER BOUNDARY CONDITIONS 
As Halberg and Kramer showed, a formula similar to (3) can be derived 
for boundary conditions other than the Dirichlet conditions considered 
previously. We shall outline how the previous derivation should be modified 
for one such case. 
If {X”K stands for the eigenvalues of the canonical Sturm-Liouville 
equations with the following boundary conditions 
z&(O) + aii(0) = u’(1) = 0, 
then (4) should be replaced by 
cm - q(x) (2 = G 3 O<X<l, t>o, 
qx’ / 0, t) + c&(x’ 1 0, t) = G(x’ 1 1, t) = 0, 
G(x’ 1 x, 0) = 6(x’ - x). 
Then (5) reads 
(25) 
(26) 
G(x’ 1 x, t) = f e-%in(x’) C(x) 
1 
(27) 
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and the asymptotic expansion of the trace is: 
g(t) s s,’ G(x’ 1 x’, t) dx’ 
1 
= m + &2 sz + f - $ /q(O) + $q(l)/ t + O(N”). 
From (27) and (28) we can see that 
If &z - Pn) = + &7(O) - Q(l)}, 
?z=l 
(28) 
(29) 
where Pn are the eigenvalues corresponding to the case q 3 0. For the 
derivation of (28) we once again consider a boundary value problem analogous 
to (26) in which the variable coefficient q(x) is replaced by its value at the 
location of the initial “source,” viz 
rz, - q(d) P = 1’, , 
Fz(x, 1 0, t) + oIF(x~~ 1 0, t) = F(x’ 1 1, t) = 0, 
F(xn 1 x, 0) = 6(x - x”). 
(30) 
We look for a solution of the form 
etQ(z”)r(~N 1 x, t) 
1 
2,1/2t1/2exp [ 
(x - X”)2 
3 
1 
*exp [ 
(2 - x - x”)2 
= - - 4t 2?T1/2t1/2 - Jt 1 
1 -. 
+ 2,1/2t1/2 exp - [ 
(x + x6)2 
4t 1 
x + X” + (Y exp{--or(x + x”) + a2t} * Erfc - - 
2t112 
cYN2 +f(x” 1 x, t). 
(31) 
The first, third, and fourth terms represent the exact solution for the semi- 
infinite interval with the mixed boundary condition at x = 0. Since f satisfies 
the classical heat equation, from standard results related to the maximum 
principle (cf. e.g. [Ill), we can show that 
f(x” ( x, t) = O(t-112e-6/t) 
where ,3 > 0. The next step, viz 
(32) 
s’ e(x’ 1 x’, t) dx’ = s,’ r(x’ I x’, t) dx’ + O(W) (33) 
0 
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is carried out exactly as previously. Thus, it only remains to deduce the 
asymptotic expansion of the trace of r to order O(t3/?-). The only new term 
arises from the error-function in (31), i.e., 
-s(t) = 01 exp(&) j’ &‘e-aas’-t’J(r’) Erfc I& - c&J2 . 
0 I 
Using the standard integral representation for Erfc and interchanging the 
order of integration we get: 
Z(t) = $ east 
[s 
t-‘/2-,t’/Z t”%+at 
ecu2 du e-Pns’ &’ 
-,t’h 1 ‘0 
+r s 
1 
e-u2 du e-2as’ dx’ [l + O(t)], 
~-1/2-,+/z 0 1 
(35) 
i.e., 
Z(t) = I$ Erfc(--ort1/2) - -!j- e Gt--2a Erfc(t-l/2 _ atll’) - + Erfc(t-l/2)/ 
x [l + O(t>l. (36) 
For t + 0, the expression for Z(t) can be written thus 
Z(t) = $ + 1 + O(W) (37) 
and it is now a simple matter to deduce the asymptotic expansion for the 
trace given in (28). 
If the eigenfunctions were to satisfy the boundary conditions 
ii,(O) + aqo) = i&(l) + aii(1) = 0, (38) 
then 
f L - P, = MO) + 4(1& (3% 
1 
In conclusion, we mention that in principle the same method could be 
applied to two or higher dimension eigenvalue problems. In practice, the 
explicit form of the trace 9(t) of the appropriate Green’s function is very 
difficult to obtain to the degree of accuracy necessary to derive the analog 
of the Gelfand-Levitan formula. 
REFERENCES 
1. I. M. GELFAND AND B. M. LEVITAN, On a simple IdentIty for the characterlstlc 
values of a differential operator of the second order (RussIan), Dokl. Akad. Nuuk 
SSSR 88 (1953), 593-596. 
50 VICTOR BARCILON 
2. C. J. A. HALBERG, JR., AND V. A. KRAMER, A generahzation of the trace concept, 
Duke Math. J. 27 (1960), 607-617. 
3. L. A. DIKII, On a formula of Gelfand-Levitan (Russian), Uspehi Mat. Nauk 8 
(1953), 119-123. 
4. M. G. GASYMOV, The sum of differences of eigenvalues of two self-adJoInt 
operators, S&et Math. Dokl. 4 (1963). 838-842. 
5. S. MINAKSHISUNDARAM AND A. PLEIJEL, Some properties of the eigenfunctions of 
the Laplace operator on Riemanman mamfolds, Can. J. Math. 1 (1949), 242-256. 
6. S. MINAICSHISUNDARAM, A generalization of Epstein zeta function, Can. 1. Math. 
I (1949), 320-327. 
7. M. KAC, Can one hear the shape of a drum ? Amer. Math. Monthly 73 (1966), l-23. 
8. H. P. MCKEAN AND I. M. SINGER, Curvature and the eigenvalues of the Laplacian, 
J. Diff. Geom. 1 (1967), 43-69. 
9. K. STEWARTSON AND R. T. WAECHTER, On hearing the shape of a drum: Further 
results, Proc. Cum&. Phrl. Sot. 69 (1971). 353-363. 
10. P. GREINER, An asymptotic expansion for the heat equation, Arch. Rat. Mech. 
Anal. 41 (1971), 163-218. 
11. A. FRIEDMAN, “Partial Differential Equations of Parabolic Type,” Prentice-Hall, 
Englewood Chffs, NJ, 1964. 
